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ABSTRACT 

In seven dimensions any spin manifold admits an SU{2) structure and therefore very 
general M-theory compactihcations have the potential to allow for a reduction to A = 4 
gauged supergravity. We perform this general SU{2) reduction and give the relation of 
SU{2) torsion classes and fluxes to gaugings in the N = 4 theory. We furthermore show 
explicitly that this reduction is a consistent truncation of the eleven-dimensional theory, 
in other words classical solutions of the reduced theory also solve the eleven-dimensional 
equations of motion. This reduction generalizes previous M-theory reductions on Tri- 
Sasakian manifolds and type IIA reductions on Calabi-Yau manifolds of vanishing Euler 
number. Moreover, it can also be applied to compactihcations on certain G 2 holonomy 
manifolds and to more general hux backgrounds. 
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1 Introduction 

It has been argued that the vanishing of certain topological indices of the compacti- 
fication manifold restricts the appearance of string corrections due to the appearance 
of additional (spontaneously broken) supercurrent pQ. This was exemplified in pQ for 
Calabi-Yau compactifications of type II for the case of vanishing Euler number. The 
vanishing Euler number ensures the existence of an SU{2) structure on the Calabi-Yau 
manifold. Reduction on such an SU{2) structure leads to A = 4 gauged supergravi¬ 
ties M, which can be conveniently described by the embedding tensor formalism urn- 
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Non-renormalization theorems of = 4 supergravity then explain the vanishing of per¬ 
turbative string corrections for these compactihcations and lead to the conjecture that 
also certain non-perturbative string corrections must vanish for these backgrounds. In 
the discussed case of Calabi-Yau manifolds with vanishing Euler number it could be 
shown by applying mirror symmetry that this conjecture indeed is true. 

These Endings suggest that spontaneously broken supercurrents play a far more im¬ 
portant role in string compactifications than considerations of efiective actions would 
suggest. In particular this suggests that there is a general scheme to understand string 
corrections for general G-structure backgrounds. The most pressing question is whether 
spontaneously broken supercurrents can also restrict string corrections when only iV = 1 
remains unbroken. 

A particularly interesting case to address this question are M-theory compactifica¬ 
tions to four dimensions. It has been known for a long time that any seven-dimensional 
spin manifold admits an SU{2) structure P4TT]. This suggests that we should be able 
to find for many such M-theory compactifications a reduction to iV = 4 gauged super¬ 
gravity, which might give strong constraints on membrane instanton corrections in these 
backgrounds. In this paper we will perform such an SU{2) structure reduction to four 
dimensions and determine the corresponding N = 4 gauged supergravity by identifying 
the corresponding gaugings. 

We show that the reduction performed in this paper is in fact a consistent truncation. 
Consistent truncations to gauged supergravities have been performed for many particular 
AdS backgrounds, see for instance [T^HTB] . Our reduction generalizes the known M-theory 
reductions to N = 4 gauged supergravity. Therefore it might help to understand more 
general four-dimensional AdS backgrounds. 

The given reduction is applicable both to compactifications to Minkowski and AdS 
spacetimes. A particularly interesting application would be to understand the corrections 
to M-theory compactifications on G 2 manifolds: Some of the known Joyce manifolds 
of [in] are dual heterotic Calabi-Yau backgrounds with vanishing Euler number |20j . 
where the techniques of [T] could be used. 

The paper is organized as follows. In Section [2] we discuss general SU{2) structure 
manifolds in seven dimensions and thereby set the stage for performing the reduction. 
In Section [3] we will make the reduction ansatz and then perform the SU{2) reduction to 
four dimensions. The embedding tensor components of the corresponding iV = 4 gauged 
supergravity are identified in Section 01 In Section 0] we discuss the consistency of the 
truncation, and in Section [H] we make contact with some classes of AdS vacua in the 
literature. Some of the technical details as well as our conventions regarding iV = 4 
gauged supergravity are presented in three appendices. 


2 SU{2) structures on seven-manifolds 

Let us start by introducing the concept of an SU{2) structure on a seven-dimensional 
manifold Y. On a seven-dimensional manifold the spinor bundle is eight-dimensional. 
We will be interested in the splitting SO{7) —)■ SO{3) x S'0(4) which reads for the 
corresponding spin groups Spin(7) —)■ SU{2) x SU{2) x SU{2). A seven-dimensional 
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SU{2) structure manifold Y admits four nowhere vanishing spinors rjn, i,t = 1,2, whose 
norm we £x by imposing 

f]"r]ii = 616( . ( 2 . 1 ) 

These four spinors arise under the breaking Spin(7) —)■ SU ( 2)3 x SU ( 2)4 x SU ( 2 ) —)■ SU ( 2 ) 
by 

(8) ^ (2, 2,1) © (2,1, 2) ^ 4(1) © 2(2) . (2.2) 

We denoted in fl2.ip the index of the broken 517(2)3 that is related to the 50(3) by i 
and the index of the broken 517(2)4 inside 50(4) by i. The third 517(2) subgroup is the 
(unbroken) structure group. 

Based on these spinors we can introduce a 517(2) triple of (real) two-forms J“, d = 
1, 2, 3, and a triple of (real) one-forms 77“, a = 1, 2, 3, via 

J“ = i A dx^ , 77“ = {a^y^fj^SmViidx^ • (2.3) 

The Fierz identities for these spinors can now be parametrized by 

riu 0 = i ((1 + 7(3))i| + - €“‘‘*1/^7”")) 

/ . r ■ 7 (2.4) 

■((l-7(4,M'+7|iK)fJ“7"j . 

Taking the products of these bilinears and using fl2.ip yields the relations 

ij“A j'’ = 5“'’vol4 (2.5) 

and 

e“'’“77“ A TF'’ A 77“ = V 0 I 3 . (2.6) 

The Fierz identities guarantee also the existence of an almost product structure P : 
TY TY, = id, on the manifold, defined locally via 

= 2KX - C . (2.7) 

where the vectors Ka are defined by 

K\k,) = 6 i, r{k\-) = d. ( 2 . 8 ) 

The eigenspaces T^Y and of P to the eigenvalues +1 and —1 respectively yield a 
global decomposition of the tangent space, 

TY = TsY © T 4 Y . (2.9) 

The subbundle T 3 Y is trivial, spanned by ka- By definition of P, the 77“ (J“) are trivial 
on T^Y [T^Y). Note that the splitting fl2.9p and the definition of such an 517(2)3 triple 
of one-form 77“ and an 517(2)4 triple of two-forms J“, d = 1,2,3, which satisfy the 
conditions (12.51) and (12. 6 p . allow for a definition of the 517(2)-structure with no reference 
to spinors. 

Let us now discuss the frame bundle over spacetime times Y. We choose a section 
(vielbein )0 

= (e'^, 77“, e“) , (2.10) 

lEq. ( 12 . 61 ) implies that the K‘^ can be chosen as components of the vielbein. 
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where the live in spacetime and depend only on spacetime coordinates. In contrast, 
the K°^ = + G“) consist of one-forms in Tg* and spacetime gauge fields G“ (the 

Kaluza-Klein vectors) that parameterize the hbration of Tg* over spacetime, as well as 
the coefficient which is a spacetime scalar Furthermore, the e“ are one-forms on T 4 
such that 

= i(/“)“e“ Ae^ , (2.11) 

with constant coefficients (/“)^ that are the generators of the SU{ 2)4 algebra of complex 
structures on the frame bundle, i.e. 

(/“)«(/^)^ = e“^"(r)“ - . (2.12) 

Similarly, the are generators of 50(3) given by (/“)c = The dual vielbein to 

(mni) is 

eA = (e^, Ka, e«) = (9^ - e^) , (2.13) 

where Va are the vector fields dual in Tg* to the vielbein component 

Next, we consider the Levi-Civita connection one-form hi, which is the unique torsion- 
free connection satisfying the Maurer-Cartan equation 

De = de-|-r2Ae = 0 . (2-14) 

The corresponding curvature two-form is defined by 

R = dn + nAn. (2.15) 

The Ricci tensor (in fiat indices) is defined by contraction with the dual vielbein. 


RicAB = RS(ec,eB) , (2.16) 

and the Ricci scalar as its trace 

rn = Ric abS^^ • (2.17) 


Let us decompose the eleven-dimensional connection under the breaking of the Lorentz 
group 50(1,10) -A 50(1,3) x 50(3) x 50(4) as 


55 = (6,1,1) ©(4,1,4) © (4,3,1) © ((1, 3,1) © (1, 3, 4) © (1,1, 6)) , 

(2.18) 

= a; + [A] + [ 7 ] + 0 , 

where we have called the full 50(7) connection 0. Using 50(3) = {SU{2)^)/'I>2 and 
50(4) = ( 50 ( 2)4 X SU{2))/1.2, we can further decompose the adjoint representation of 
50(7) and thus the internal connection 0 as 


so(7) = sm(2)3 © sm(2) © sm(2)4 ©(3,2,2), 

0 = [r] + e + [r] + [r]. 


(2.19) 


^Due to the mixed spacetime/internal components of the ten-dimensional metric, the components 
of the vielbein are not purely internal. We will nevertheless retain the same nomenclature as in (12. 
for simplicity. 
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where su{2) is the adjoint of the SU{2) structure group, sm( 2)4 is spanned by the /“ and 
sm( 2)3 by (/“)c = Using this decomposition and the vielbein fl2.10p . the Maurer- 
Cartan equations fl2.14p read in components 


de^ + A A e" + 7^ A = 0 , 

dRa + A /s:'’ + r“ A e“ + 7“ A = 0 , (2.20) 

de“ + A A + r“ A + A“ A = 0 . 


Note that the connection component 6 is the torsionful SU{2) connection. Its internal 


torsion two-form T can be expressed in terms of the other components of 0. On T^Y the 
internal torsion is given by T“ = di^“ and the component on T 4 is 


T” = de“ + A e'’ = -(/“)g 7 A e'* - t„“ A A'“ . (2.21) 


( 2 . 21 ) 


Similar to the connection one-form we can also decompose the Ricci tensor group- 
theoretically. In particular, we are interested in the ‘symmetric’ representation S‘^T*Y, 
which decomposes as 


S^T*Y = S^T;Y © Me/® © S^T*Y © M^® © {T^Y © T*Y) 


( 2 . 22 ) 


(5,1,1) © (1,1,1) © (1, 3, 3) © (1,1,1) © (3, 2, 2) . 


Here, the (1, 3, 3) representation SqT^ is spanned by the products of generators of su{ 2)4 
and su{2). In other words, since the elements of su{2) and sm( 2)4 commute, the repre¬ 
sentation can be written as 



(2.23) 


3 Dimensional reduction from M-theory 


In this section, we will reduce the eleven-dimensional supergravity action 



(3.1) 



to four dimensions. Here, G 4 = dCa is the form held strength of the three-form gauge 
held. 

3.1 The reduction ansatz 

The almost product structure fl2.7p on Y will play a central role in the choice of our 
reduction ansatz. T 3 has trivial structure group and is therefore parallelizable. We hence 
introduce a basis of three global one-forms a = 1,2, 3, on this subbundle, yielding 
three one-forms, three two- and a three-form (their wedge products) as expansion forms. 
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On T 4 our ansatz similarly to [T] contains SU{2) singlets and triplets. It is easily checked 
that SU{2) doublets exactly correspond to odd forms on T 4 . Therefore, the ansatz will 
consist of two-forms , I = 1,... ,n, that all square to the same volume form vol 4 °^ on 


T 4 , i.e. 


A oj-^ 



(3.2) 


where r/ is a metric with signature (3, n — 3), reflecting the number of singlet and triplet 
representations as discussed above. Furthermore, we include all wedge products of uj^ 
and in the reduction ansatz. For instance, we expand the forms and of fl2.3p 
that specify the SU ( 2 ) structure in the set of modes , I = 1,... ,n, and a = 1 , 2 , 3, 

i.e. 

where det(/c) = 1. Furthermore, we £x A A = volg^^ Note that a consequence 

of the second equation in fl3.3p is that 


k^.ktk 


c def _ abc 




= e 


kdk^h ^def 1 


(3.4) 


which in particular means that det(A;) = 6 . 

Note that the presence of internal one-forms in our ansatz gives rise to Kaluza-Klein 
vectors G*, i.e. mixed spacetime and internal components of the ten-dimensional metric. 
The expansion coefficients Q, p^, ps and k^ depend on the spacetime coordinates and 
give rise to scalar helds in four dimensions. Furthermore, fl2.5p yields the relations 


(fv'-’Cj = S' 


db 


(3.5) 


and 

V 0 I 4 = e^'‘ vol 4 °^ , V 0 I 3 = e^® volg^^ . (3.6) 

The four-dimensional helds P3/4 describe the volume moduli of T3/4 while the (f describe 
the S'f/(2)-structure geometry and k^ describes the three-dimensional geometry. 

We can also expand the three-form gauge held in terms of this basis. This gives 
G 3 =G + 4 A (n“ + G“) + Cj A u^ + leabcC^ A + G^) A (v^ + G^) 

(3.7) 

+ ^Coeabc{v'^ + G“) A (n^ -|- G^) A (n'^ -|- G'^) -I- Cai{v°' + G“) A u:^ . 

We will also describe huxes in this setup, therefore our ansatz for the four-form held 
strength will be 

G 4 = Gf" + dGg , (3.8) 

where we dehne 

G®“ = e"^‘^"^®/o vol 4 (Mink) -h go volf^ +\g°[eabcv’' Av"" Au;\ (3.9) 

with /o, go and g^ being constants, and we demand the Bianchi identity 

dG 4 = 0 . (3.10) 

Furthermore, G®”^ is only dehned up to an exact piece, so that only a subset of the num¬ 
bers {go, gal) are actual hux numbers. Also, note that the hux piece in (13.9p proportional 
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to vol 4 (Mink) has a dependence on the volnme factors becanse it originates from dnal 
seven-form flnx 

=/ovo4°^ Avolf . (3.11) 

Note that the flnx piece in fl3.9|) proportional to vol 4 (Mink) can be absorbed in d(7 bnt 
will reoccnr later when we introduce dual helds. We discuss this seven-form flux again 
in Appendix IB. II 

The and the in general define the Hodge star, which splits into a spacetime 
component and two components *3 and *4 acting on forms on T 3 and T 4 , respectively. 
The precise form of *3 and *4 is hxed by 

= *3l = vol3, = r . (3.12) 

The latter can be translated into 

*4 oj^ = (2C“^Cj “ , * 4 ! = V 0 I 4 = vol® . (3.13) 

In the following reduction, we will assume that the internal volume is normalized, 

[ A A n" A volf = ^ . (3.14) 

Jy ^4 


To perform the reduction, we must next specify the differentials of the expansion 
forms As remarked above, we will require that the differential algebra of modes 

they span closes, i.e. 


dn“ =\f'^ebcdv'' A -f , 

du,’ =fljV‘A0J-’ . 


(3.15) 


Here, the coefficients and T/j are constants that parameterize the SU{2) structure 

reduction ansatz for a particular manifold. In particular we exclude any terms on the 
right-hand side of the above equations involving SU{2) doublets. Note also that in the 
second equation of (I3.15p a possible term proportional to A A is immediately set 
to zero by the constraint that d(a;^ A u^) = 0. 

The and T^j specify the torsion classes of Y. We choose them and hence the 

torsion classes of Y to be constant. These constants are constrained by the fact that the 
exterior derivative squares to zero and the integral of d(n“ A A A over Y should 
vanish. The constraints are encapsulated by algebraic relations, given by 


= 0 , 

= 0 , (3.16) 

^ba ahcrpi rpK _ n 

-^hJ^ ^ ^bK-^cJ — 5 

wS" + AV’)*'" + AA’)'"' = 0 ■ 


The last equation determines the symmetric part of , j = 1, 2, so that 




(3.17) 
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where is a triple of so(3, n — 3) matrices, i.e. 


+ T;^kV^^ = 0 


(3.18) 


The fourth condition just states that the T/j form an so(3,n — 3) subalgebra S defined 
by 

= &T^j . (3.19) 

In particular, S is Abelian if = 0 and simple if has rank three. The remaining 
condition is 

■ (3.20) 

If is zero, the tf are invariant under S. If is non-zero, the form a non-trivial 
representation under S. The Bianchi identity (I3.10jl also leads to constraints on the flux 
numbers appearing in fl3.9p . given by 


eabcA'^gA - got’"') = 0 , 
AbcgA^ + gjTai = ^ ■ 


(3.21) 


3.2 Reduction of gravity 


In this section we dimensionally reduce the gravitational term in the eleven-dimensional 
supergravity action (13. Ih . 

^grav = ^ [ (*lll)r-ll . (3.22) 

“ Jn 

For this we have to compute the eleven-dimensional Ricci scalar in terms of the ansatz 
(13.3p . We start by computing the connection hi from the Maurer-Cartan equations (12.201) 
and (I3.15P in Appendix IA.2I There we find for the components of the connection 


+ \((k-0lD,K + (k-')lDX)K'’ + i{D„p,)K- , 

_ igP3/3g-p4/2^a_ l^abc^b^c J ^ 

with the projector Pj = 6j — C^^Cj ci.nd the covariant derivatives given by 


(3.23) 


=dG'“ + A , 

Dps =dps - eabA^G^ , 

Dp^ =dp4 + eabA^G'^ , (3.24) 

Dkt =dk^, - [k^eMe - \kte^,)P^G^ , 

DQ =dCf - AAjP^G^ . 
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In Appendix IA.3I we compute from this connection the components of the ten-dimensional 
Ricci curvature. For the reduction we only need the Ricci scalar rn, given by 


rii =r4 - 

- \{D^p,){D^p,) - |(D^P3)(/^V3) - 2D^p,D,p, 

- |tr[fc"^ ■ {Df,k) ■ k~^ ■ (Df^k)] - itr[(R)^fc)^ ■ (g^^) ■ 

+ (3.25) 

_ ^2p3/3g-p4^3^^ia^/Ji6 _ lg-2p3/3^afe^a^ay/^pi.LyJ 

c) —p 4 ^ 12 abc/-a I/-b /-cK^arjiJ 

^ S SjS ^I-'-aK ! 

where r 4 is the four-dimensional Ricci scalar. Note that we can rewrite 
- |tr[fc-i ■ {D^k) ■ k-^ ■ - \ti[{D^kf ■ {g^^) ■ 

= - itr[(F>pC/3) • {g^^) ■ (D^^gs) ■ g3^] , 
with the definition of the covariant derivative as 

^gSab ^gSab i^gSac^bde "F g^cb^ade '^g^ab^cde)^ G , 


(3.26) 

(3.27) 


The eleven-dimensional volume form includes a prefactor that describes the 

scaling of the internal volume. Thus the reduction of the eleven-dimensional Einstein- 
Hilbert action to four dimensions in (13.221) is 


5'grav 


1 

2 ^ 


(*4l)e 


P4+P3 


^■11 


(3.28) 


We perform a Weyl rescaling 

gM ^ e-(P3+P4)/2gP ^ ^^ 29 ) 

to bring the four-dimensional Einstein-Hilbert term into its canonical form and get 
=SJ /(»a)(r4 - \(D^P,)(D'‘P,) - l{D,4,)(D'‘4>) 

tj 4 

- itr[(T)^c/3) • (^ 3 -^) • (D^^g^) ■ g^^] 

(o.oU) 

+ - e-^-P^g3abg3cdt^^^h<^^^^ 

- le-^-'^^gfeacdebeft'^'^t^^ - e-^^+P^g3abt'^iH^% 


3 ® 


---^-^^gfCkjTlKPKLT.^L - 2e-2^e^^X 


ij 

bL 


d I 


p-o p-c K^arjij 

^GaK 


where we defined 0 = P 4 + fps with 

D<P = d<P + leabct^'^G‘^ . 


(3.31) 
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3.3 Reduction of the four-form field strength 

Next we want to reduce the four-form field strength action 



(3.32) 


For this we compute the four-form held strength G 4 , dehned in fl3.8p . using fl3.15p and 
fl3.9p . We hnd 

G 4 =(e-3'^-^Vo(*4l) + dC + Ca^ DG^) + {DCa - eabcC^ A DG^) A (n“ + G“) 

+ {DGi + CaiDG^^) + \eaUDG^ + co^G“) A {v^ + G^) A {v^ + G^) 

+ \Dco A eaUv^ + G“) A {y^ + G^) A + G"=) + Dcai A (n“ + G“) A (3.33) 
+ idi + Co^/ + Chi)\eade{v^ + G'^) A (n*^ -|- G*^) A 

+ {90 + CaltjT]^-^) volf^ , 


where we dehned DG’^ in fl3.23p and the other covariant derivatives are 


DCa =dCa - eabcf^^G^ A Cd , 


DC I =dCi + DjCa - T^aiG^ A Gj + \eabct^^G^ A G, + \g^jeabcG^ A G^ , 


DC^ =dG“ + f^“Gb + D’^ebcdG^ AC^- ebcdt^G'^ A G“ , 


(3.34) 


Dcq —dco — €.abct^^{C^ + CoG“) , 

DCal =dCaI — T^jCj \^abct^^Cl -\- ^abct^C^^ — €abc{9'l 4 “ t'^^Cdl)G^ . 


Now we can insert this into fl3.32p and perform the Weyl rescaling fl3.29l) . We hnd 
for the kinetic term 



- e^^gl\DCa + eacdC^ A DG^) A *^{DCb + ebefC^ A DG^) 
+ eP^H^-^{DCi + CaiDG^) A *4(^Gj + CbjDG^) 

+ e^-P^g^ab{DC^ + CoDG^) A *^{DC^ + CoDG^) 

— e~^^^Dco A *iDco — e~’^H^'^g^^Dcai A *ADcbj 
+ e-^^ig] + Cot? + e^^’^T^jCdK + Cai)H^^ g^ab 

+ e-3‘^+"^|^7o + Ca7t^h'^r) . 


To evaluate the topological term correctly in the presence of four-form hux, we assume 
eleven-dimensional spacetime to be the boundary of a hctional twelve-dimensional space 
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and write the topological term of fl3.32p as [^l22] 


•S'top = - 


12Kf 


G4 A G4 A G4 


'12 




'11 


Gf ^ A dG^ A - j4 

4 4ki 


G 4 A G 4 A G 


V 


(3.36) 


'11 


+ 4 ^ I G'4 A dG'^ A G^ - ^ / dG^ A dG^ A G^ , 


'11 


12Kf 


'11 


where we used that the flux G®^^ squares to zero, cf. (13.91) . and dehned G^ to be the part 
of G 3 with two or more external legs, while G^ is the component of G 3 with one or less 
external leg. In other words. 


G^ =Cj + ie„6,G“ A (n" + G") A {v^ + G^) + c„,(n“ + G“) A 
+ |co6,fe,(n“ + G“) A (n' + G') A (n'^ + G'^) , 


and 


4^11 


Gf" A dG'^ A G^ = - A / (' 70 ^' + 9W''t))Ca A d . 


(3.37) 


(3.38) 


'11 


Now we integrate out the three-form G, or, more easily, integrate out its held strength 
F = dG -|- Ga A i7G“, since G does not appear by itself in the action. The equation of 
motion for F is 

F = -e"^'^“^3(/o {go + CaiFjr]^'^)co + {gj + + lt^''^^CbiW^CaK){*4l) , (3.39) 

and inserting this for F in the action leads to an additional term for the potential 


d = d {*4l)e-^^-^^\{go + Cainr]^^)co + {g’i + . (3.40) 


Note that the topological term then reduces to 


Stop = - 4 ^ / (co^'-'(I^G, + CaiDG^ A {DGj + CbjDG^) 

Ji 

+ {DCa - eadeG^ A DG^) 

A ( 6 “''=Co/d^^cw + 2/oG“ + 2goG^ + 2g^jg^^Gj) ^3 ^^^ 

-7 Caig^\2DGj + CbjDG^) A DG“) + {goF^ + gWt"j)Ca A G, 

+ g^\DGi - FjCa) A G' A {\eb,dFjG^ - T.^jGk + lebcdF<^Gj) 

- (/oG“ + IgoG'^) A 6 ,,eG' A DG'^ , 

where Stop,vec only depends on the vector helds Gj and G“. 

Finally, we want to introduce scalar helds 7 “ so that the kinetic term of the Ga can 
be replaced. To be consistent, we also have to introduce magnetic vector helds Gj and 
Ga that are dual to Gj and G“, as well as a number of auxiliary two-form helds. Also, 
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we want to perform an electric-magnetic dnality between (7“ and Ca to end np in the 
standard frame of = 4 ganged snpergravity. Since the scalars Cai and Cq are charged 
nnder (7“, Cj and Ca will be charged nnder their dnal two-forms Cf and Cq, which mnst 
be introdnced as well. Note that this very mnch complicates the sitnation compared 

to min]. 

When dnalizing helds, Bianchi identities and held eqnations are swapped. This means 
that from the Bianchi identities of Fa = DCa — (-abcC'^ A and = DC^ + cqDG°^ we 
can dednce the conplings of their dnal helds 7 “ and Ca in the Lagrangian. On the other 
hand, the held eqnations of Fa and F°‘ tell ns what shonld be the covariant derivatives 
of 7 “ and Ca- In particnlar, we can see that if C°‘ appears in the covariant derivative of 
scalar helds, their dnal tensors have to appear in the covariant derivative of Cq, and there 
shonld be an additional topological conpling of this tensor to 0“ in the hnal Lagrangian. 
Fnrthermore, if Ca appears in the covariant derivative of an electric gange held, the 
scalar 7 “ mnst be ganged nnder the magnetic dnal of the gange held, and Ca shonld be 
topologically conpled to this magnetic vector. 

In Appendix IB. II we perform the dnality transformation from Ca and to 7 “ and 
Ca- Both Ca and C" become anxiliary helds withont kinetic terms. Moreover, also a 
new anxiliary vector held Cj and the anxiliary tensors Co and Cf appear in the dnal 
Lagrangian. These dnal helds will mostly appear throngh their covariant derivatives 


DCo =dCo + eabct^^C^ A Co - eabctW'G^ AC} - A C, 

- keabcC^ A G' A C^ 


DCf =dCf - T^jC^ AC} - \ebcdf^C^ A C} - t^^Ci A d , 

DCa =dCa - eabct^^Co - eabctWC^j - 9oCa - ^T^kV^^^Cj a Cj 


+ AC, - eabct^’^C^ A C, + |/oe,,eG' A G^ , 

DCj =dCi + T^aA + \eabct^^Cf - gfCa + ItfeabcC’^ A C^ - gfeabcC^ A C-^ 

+ TIjC^ a Cj + A Cj - T/,G“ A Cj - \eabct^^C^ A Cj , 

Dr =dr - ifoS^d + + \e^fceig^^Cfj))C^ - C'd - - goC^ 

- gW^Cj + Cj . 

(3.42) 


The kinetic terms in the dnal Lagrangian can be compnted to 

^kin = - 4^ / {e^^H^-\DCi + CaiDC^) A *,{DCj F CbjDC^) 

+ e^^-’^gfiDCa - CaiV^^DCK - eacd^DC^ - \caig^^D kDC^) 

A roCb - CbW^DCL - ebef^DCf - \cbjg^^CeLDC^) (3-43) 

— e~^^^Dco A *4,Dco — e~‘^Fl^'^gf’Dcai A ^iDcbj 

- e-^^goab{Dr + \C^^cW^Dcdj) A * 4 ( 1 ^ 7 ' + Dcfj)) , 
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the potential is given by 


4o. = + (<“>C,;)F"j3^ 

(jS + c„«‘ + 

+ e-^-^l/o + (go + c.oijg'-'jco + (g? + + ii‘“‘>cio)g'V„jp 

+ e-»+«|g„ + C3,«5)y|=) , 
and the topological terms are 

Stop = - 4^ / (co(h'''^C', A DCj - 2DCa A DG"^) 

+ go{2DC^ - &Cb) ACa + 2eabctWCj A G' A DG^ 

+ 2oDG“ A eabc{t^^C^ + - t’ig^\2DCj - g^Cb) A G, (3-45) 

+ eabctW-'C^ A G, A oDGj + t-g^^eabcC^ A G' A DGj 
+ Ikedeft^^eabcG^ A G' A G^ A G'') . 

Variation with respect to the auxiliary tensor fields leads to the duality relations between 
electric and magnetic vectors 

DCa + c^DG^ =eP^-^gt * {DCb - Cbiv^^DCK - ebcdfDC^ - \cbig^^ c.kDG'^) , 
DCi - CaiDG'^ =eP^Hi * {DGj + CaiDG^ + co{DGi + CaiDG^ , 

(3.46) 

while variation with respect to the magnetic vectors gives the duality relations between 
tensors and scalars 


DCa - eabcC^ A DG^ =e-^^gsab * {D^^ + Dcdj) , 

DCo + y^Ci A Fj =e-2^^ * Dco , 

DC'i - G“ A DC I - CbiC^ A DG“ - e^'^GbiDCa =e-‘^Hfgf * Dcbj . 

(3.47) 

Note that each of the relations in (13.471) and (13.461) gets multiplied by certain charge 
components. Thus, if certain charges are vanishing, the corresponding duality equation 
is eliminated. At the same time, the corresponding couplings in the covariant derivative 
vanish and the corresponding auxiliary field is removed from the Lagrangian altogether. 
In the generic case of non-vanishing couplings, we can use the duality relations (13.471) 
and (I3.46P in order to eliminate the fields we have introduced above and come back to 
the Lagrangian of (13.351) and (13.411) that we obtained from the reduction. 

The action obtained in (13.431) . (I3.44p and (I3.45p together with (I3.3np fits perfectly 
into the framework of V = 4 gauged supergravity. We make the identification with the 
standard notation in the next section. 
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4 Matching with = 4 supergravity 


In this section we want to match the results of the dimensional reduction on a seven¬ 
dimensional SU(2)-structure manifold with the standard formulation of iV = 4 gauged 
supergravity, which is reviewed in Appendix O We organize the vector fields as 


= {G‘^,Ca,V^'^Cj) , 

yM- 

= (c“,G„-y''Cj) , 

(4,1) 

so that the metric r]MN is in the standard form 





( ° 


o\ 



Vmn — 


0 

0 


(4.2) 


1 0 

0 

Vij/ 




Note that this involves an electric-magnetic duality transformation between Ca and C"^, 
which can be performed in the standard way following [8]. 

Next, the scalars cq and ps combine into the N = A axiodilaton r as r = (—cq -|- ie^®) 
so that the covariant derivative reads 


Dt = At- + tG“) 


(4.3) 


Therefore we find for the embedding tensor components ^aM that the only non-vanishing 
component is 

e+a = -eabct^^ . (4.4) 


The coset matrix Mmn of the Grassmanian 

SOiQ.n) 


SO{Q) X SO{n) 

is given in terms of the scalars (0, gsab, Ci) Cai) by 


(4.5) 


Mab =e'^5'3ab - + Cal'q^'^Ccj){eMn^ + CbKV^^CdL) + H^-^CalCbJ , 

=^e~'^g^''{ecbdY + CdV^'^Cbj) , 

=e-^gf , 

Mai =HjCaJ + |e"'^(eafec7^ + Caig^'^Cbj)gfcdi , 

M; =e-^gfcbi , 

Mjj =Hij + e ^gf’CaiCbj . 


14 





The corresponding vielbein V is given by 



(4.7) 


SO that 


Mmn = 2V^V^ + 2Vl^V% — rjMN ■ 


(4.8) 


From the covariant derivatives we can read off the remaining embedding tensor com¬ 
ponents 



f+ab^^ — — , 



(4.9) 


Moreover, we identify 


B++ =2Co , 

^ab ^^abc^^ + C"* A 

Bai -f C"* A Cj - G" A Cj) . 


(4.10) 


Comparing the charges fl4.4p and fl4.9p with [8], we see that the remaining anxiliary 
two-forms as well as the magnetic vector Ga do not explicitly appear in the Lagrangian. 
Moreover one can check that the constraints (13.161) . (13.201) and (13.211) solve the qnadratic 
constraints (IC.Op . 

5 Consistent truncation 

In this section we want to show that the SU (2) reduction to fonr dimensions is indeed a 
consistent trnncation of the eleven-dimensional snpergravity action. In other words, we 
want to show that the fonr-dimensional eqnations of motion imply the ten-dimensional 
ones. In pp a henristic argnment was already given why SU{2) structnre rednctions for 
modes uj^ and that obey the constraints (13.21) and (13.151) are consistent trnncations. 
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In this section we will prove this claim by an explicit check of the eleven-dimensional 
equations of motion. 

The four-dimensional relevant equations are the Einstein equation 


= - 2tr(((D^V)V~' + iV-YiDVff{{D,V)V-^ + (V-')'^(DV)'^)) 

- |(Imr)-2D(^rD,)f - lm{T)MMNDV^^/DV,^+P + + £pot) , 

the equations of motion for the vector fields 

£>(Re(T)£>V'"+ + Im(r)Af"'’t)pivr>V'''+) = - »4 CM"'’ 

+ IOup'^Mhq *4 DM«") , 


(5.1) 


(5.2) 


and for the scalars 

*4 {{DV)V-^ + {V-T{DVf)mn) -\\m{T)V^DV^+ A 

2_o/3x f ]\jMNPQRS 

- 3^ JaMNPJPQRS i 

D>^{{\mT)-^D^T) - \{gMN + iMMN*A)DV^^ A 


= lid,M-^)iUMNpf0QRsilM^^M^^M^^ + 

+ , 

as well as the identities for the auxiliary field strength^ 

DV^- = - Re(r)DE^+ - lm{T)M^^r]pj^ *4 DV^+ , 

(5.4) 

t]mn *4 DDV^+ = - - \Qmp^MmqDM^p . 


originating from the Lagrangian of | 8 ] discussed in Appendix [Cl The eleven-dimensional 
equations of motion originate from the action fl3.ip and are given by 


RiCaP — \gABril —^{GaCDeGb^^^ — igABGcDEpG^^^^) 
d *11 G 4 = - iG '4 A G 4 . 


(5.5) 


The major work consists of showing that the eleven-dimensional Einstein equations are 
satisfied if the four-dimensional equations of motion (and Bianchi identities) hold. The 
technical details for determining the Ricci curvature and the energy-momentum tensor 
are delegated to the first two appendices. In Appendix IA.4I we give the Ricci curvature 
in the Einstein frame. In Appendix IB.21 we also compute the energy-momentum tensor 
generated by G 4 . When we insert these results into the eleven-dimensional Einstein 
equation, we see that the equations reduce to the four-dimensional equations of motion 
in the following way: 


• The trace of the Einstein equations is satisfied by the equations of motion for 0, 
and by the trace of the four-dimensional Einstein equation. 

^The covariant derivative of DV'^ gives via the Bianchi identity the three-form field strengths of the 
auxiliary tensor fields, cf. [8]. 
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The Einstein eqnations with indices (/xz/) give the four-dimensional Einstein equa¬ 
tions. 


For the indices (/ra) we recover the equations of motion for the Kaluza-Klein vector 




• The trace of the {ab) component of the eleven-dimensional Einstein equations gives 
the equation of motion for p^, while the traceless part is the equation of motion for 

K- 


• The trace of the (a/3) component of the eleven-dimensional Einstein equations is 
the equation of motion for p 4 , i.e. for 0 — 2 ^ 3 / 8 . The traceless part is the equation 
of motion for Q. 


For the higher form field components we then use the four-dimensional equation of 
motion for F fl3.39p to eliminate F, the scalar-tensor duality relation fl3.47p to replace 
the tensor fields by their dual scalars and the electro-magnetic duality relation fl3.46p 
to replace all magnetic vector fields by their electric counterparts. In this way we can 
rewrite the eleven-dimensional Einstein equations in terms of four-dimensional scalars 
and electric vector helds (up to appearances of the magnetic vectors and tensors in the 
gaugings). As expected, this completely reproduces the four-dimensional equations of 
motions for these scalars and vector fields. 


6 Simple supersymmetric backgrounds 

Let us now briefly discuss some classes of supersymmetric AdS vacua. We will only 
discuss the simple examples of A^ = 4 AdS vacua discussed in [23] and of A^ = 3 AdS 
vacua from Tri-Sasakian manifolds whose consistent truncation has been worked out 
in HU. The discussion of cases with N <2 goes beyond the scope of this paper. 

6.1 N = A AdS vacua 

In [23] four-dimensional A^ = 4 AdS vacua had been classihed. A necessary requirement 
for such backgrounds is that there is one electrically and one magnetically gauged SU ( 2 ) 
in the theory whose gauge bosons are graviphotons. Let us apply the findings of [23] 
to the gaugings of SU{2) structures given in fl4.4p and fl4.9p . The embedding tensor 
component ^ in fl4.4p must be zero in these vacua, which means that is symmetric. 
Moreover, the electric and magnetic gaugings obey the relationship 

= Re r/_ -F Im r *6 /- , (6.1) 

where *6 is the Hodge star in the six-dimensional space of graviphotons and r is the 
axiodilaton. For the possible gaugings given in fl4.9p . this means that 




( 6 . 2 ) 
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where the supergravity vielbein has been given in fl4.7p . But N = 4 supersymmetry also 
requires that 

= 0 , (6.3) 

where the dual vielbein is given by 

- e“'^/^(/c"^)^(ecad7'^ + Cd'q^'^Caj) , 

yfea ^ ^g_ 4 ) 

v\ =e-<^/ 2 (fc-i) 9 c^, . 

Comparing the two formulas fl6.2p and fl6.3p . using fl4.7p and the above formula, shows 
the contradiction. Thus, in the class of supergravities obtained from SU{2) structure 
truncations no = 4 AdS vacua can be found. 

6.2 Tri-Sasakian manifolds 

The consistent truncations worked out in la for Tri-Sasakian manifolds admit N = 3 
AdS vacua. These truncations are minimal in that I runs I = 1, 2, 3. There the ansatz is 

^0 = 0, = 0 , = -2h“' , = 2h? , T^j = -2eaij . (6.5) 

A classification of 77 = 3 vacua is beyond the scope of this paper, but note that one 
could easily for instance add a non-trivial four-form flux by switching on gj S'}. These 
four-form fluxes effectively just change the value of the axiodilaton r but do not modify 
the solution in any other way. 

An interesting special case is the reduction on S'^. We have already shown that the 
discussed SU{2) structure reductions do not allow for A^ = 4 AdS vacua. And indeed, 
the consistent truncation presented here does not distinguish between and any other 
Tri-Sasakian manifold. Thus while the full vacuum of AdS '4 x preserves N = 8 
supersymmetry, the truncation to this A^ = 4 gauged supergravity (i.e. the truncation to 
SU{2) singlet and triplet modes) preserves only N = 3. 
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A Curvature computations 

A.l Useful formulas 

From fl3.4p we find the identities 

. (A.l) 
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It also implies 


(V‘)X“ = 0 . . 

(A.2) 

From the aleebra (I3.15P we hnd 


d{eabcV^ A n'") = 2eabct’"'vo\f^ + 2eabcAv'^ A , 

(A.3) 

and 


dvol® = -eabJ^'v^- A vol® . 

(A.4) 


Another useful formula will be 


d(u“ + - f^^ebcdG^ A (u'^ + G'^) + + G") A {v'^ + G<^) + , (A.5) 

where we dehned the covariant derivative 

DG“ = dG“ + It^^^ebcdG^^ A G'^ , (A.6) 


and 


du^ = -T,^^G“Aa;^ + ie„6,t'"=G“Aa;^ + Ti^(u“ + G“) Aa;^-|e,b,t^‘=(u“ + G“) Ao;^ . (A.7) 
From (13.1 Sp and fl3.2p we also deduce that 


hxfc*’-' = . 

(A.8) 

Note also that we hnd from fl3.17p that 


abcrjnl ^b/-cJ abcrpl ^b/-cj 

(A.9) 

Eq. f|3.5p implies 


mfw^c = 0, 

(A.IO) 


which means that over four-dimensional spacetime, the J“ do not rotate into each other 
and therefore really move in so^{ 3 )x ’^o{n) • from fl2.1ip and fl3.3p we also find 


(/“)2 = . (A.ll) 


The decomposition of into representations of SU (2) reads 


oj' = c'cy + py , 


(A.12) 


where Pj = 5j — C^^C/- The latter term in flA.12p is invariant under the We hence 
hnd 

i(/“)“(a;0/37e“ A jc ^ 

From flA.inp and from the dehnition of Pj it follows that for the derivative of an SU (2) 
singlet it holds that 

dM^ = PjdM^ - C^d^CjM-^e^^ , (A. 14) 

where we used that = PjM"^. 
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From the definition of the Hodge dnal 


(*4CJ ')ap 2^“/37<5^7(5 , 

(A.15) 

and the decomnosition (IA.12D we hnd 


\{uj%p{uj%p = e-P^H^-^ , 

(A.16) 

which implies 

(A.17) 

From (IA.16) we can deduce 



(A.18) 


A. 2 Connection 


In this section we want to compnte the connection from the three Manrer-Cartan eqna- 
tions fl2.20p . using fl3.3p and fl3.15p . From the first equation in fl2.20p we see that both 
A^(e/ 3 ) and are symmetric in their lower indices. 

Now let us hrst solve the second equation. From the explicit form of in fl3.3p we 
hnd with help of fl3.15p 


diF“ =lDp3 AK^ + AK'^ + eP^^^k^DG^ 

+ AK^ + Qp^/^kltW ■ 

where the explicit form of DG°^ can be found in flA.bp and we dehned 


Dpi, — dps ~ ^abct^’^G°' , 

Dkl =dkl - {k-^eue - \kle,ae)D^G- • 
Comparison with fl2.20p gives for the connection components 


(A.19) 


(A.20) 


r“ + ro“e“ + , 

7“ =eP^/^klDy,Gl^e^ + + \[{k-^)lD.k^ + {k-^)lD,kl]K^ + \{D,p,)K<^ , (A.21) 

where 7 “^^ is symmetric in its lower indices. Note that we used (I2.23p for the decomposi¬ 
tion of r“. 

If we use the explicit expressions for the J“ given in fl3.3p and fl 2 . 11 l) . the third 
Manrer-Cartan equation in (12.2011 implies with fl3.15p 

|dp 4 A + eP^/MQ 7 + g-P3/3gP4/2^ay/^(^-l)b^a 7 _ ^p,/2^afI^Qb ^ 

= _ Ar + K^ A {I%T^ Ae^ + eP A (/“)^A" A . 

(A.22) 
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This can be solved for the connection components as 




K =i(B„P4)e“ - hy‘'HD^cix,(i‘)y , 

where we dehned the covariant derivatives 


(A.23) 


Dpi —dpi + ^abct^^G^ ) 

DC! =dC? - CtPASi - ck")^* • 


(A.24) 


and the projector Pj = {6j — C^'^Cj)- Finally, we solve for the hrst Manrer-Cartan 
eqnation in fl 2 . 20 p . by nsing the explicit form of A“ and 7 “, given in flA. 2 ip and flA.23p . 
The resnlt is 


7^ =e»/XDi,Glp + \({k-')!,DX + (k-XDX)I<" + l(D^pAK‘ , 
ef‘/^DfXt]ktK‘ , 




(A.25) 


where u is the fonr-dimensional connection. 

In total, we find for the components of the connection 

7 ; =e'‘’'XD,„Glf‘' + \i.(k-AiDX + (k-'rXXP + l(D„pAK^ , 


<!,•' = - - XklkX)K'' - 'X'^iXYbDk'i , 

A“ =\xpic° - . 

bji: =X - , 

with the covariant derivatives dehned by 


1 ^abc/-b/-cjrpl ^b 

i^ -‘-bj^ ) 


(A.26) 


DG“ =dG'“ + A , 

Dps =dp3 — eabct^’^G°‘ , 

Dpi =dpi + eabct^^G^ , (A.27) 

Dkt =dkl - {k^eMe - \kte^e)D^G^ , 

DQ =dCf - CkT^^P/G^ . 

Note that the scalar p^ + pi is nnganged. 

In the next section, we compnte the Ricci cnrvatnre from the Levi-Civita connection. 
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For that we will also need the differential identities 


=2 


- C'D.QLoi^ + e->“I^C'CjTlKGlC‘<{I% . 


(A.28) 


= 0 


that can be computed with help of (12.201) . fl3.15|) and flA.26p . Note that V® denotes the 
SU{2) connection. 


A.3 Ricci curvature 


The components of the Ricci curvature are given by 


p;„ _pA _|_ pa _|_ po 

XXIL-^J/ “T -T 1 

p- _pi' _|_ pb _|_ pa 

JViC^a -f ~r -^fxaa ’ 

Ric^a =R’^^ya + R'laa + > 

RiCafe =Ra^ih + ^acb + ^aab i 
RiCaa =Ra^_ta + ^Iba + ! 

RlCa/3 =Ratil3 + -^ac/3 + -RI 7/3 • 


(A.29) 


Let us now compute these components one by one. We start with Ric^^,. We compute 
R^^xu =RiW. - 3e^^^/^gsabv"^D^,Gl^D^yGi^ , 

Rlau = - ^uiD.ps) - \{D,p,){Dyp,) - itr[fc-i ■ {D,k) • k-^ ■ {Dyk)] 

(A.30) 

- \tT[{D,kY • (^? 3 -') ■ {Dyk)] + e^pR^g,abV^^D^,Gl^D^yGi^ , 

= - ^uiD.p,) - \{D,p,){Dyp,) + {D,Q){DyC^) . 

This gives the external Ricci curvature 

RiC/^i/ Ric^jy ^ u{D ^P4^) -^{D^p4^){Dyp4^ ^ i/{D ^p^) ■^{D^p^){Dyp^) 

- |tr[/c"^ ■ {D^k) ■ k~^ ■ {Dyk)] - |tr[(T)^A;)^ ■ ■ {Dyk)] (A.31) 

+ {D,Cf){DyC^) - 2e^pR^gsabg^^D[,Gl^D[yG’:^ . 
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For Ric^a we compute 


= 


- e«'’£>|„G:;,(|A^j“Z)Vs + iD-kt + Kk-'Y^D-kX) 


= - i<f‘"'DXlX(D‘'Pz) + ie«/=>B[„Gt|(£>-*:; + (kX^D-kXt) 


+ Xi^ih^Xar'Xx + kl(DX,)Xyc) 

- \e-^Xk-X.AX((k-yADX,) + (kXliDX)) . 

RX =ie-'^'HD,p,)(k-'Xi^f‘'‘ + o-'“'^(k-''tTtjG(DX') - pYktDXl\ 

- e-^RXXt'ici.t‘^(l(D„pXt + \((k-YtDX + (k-XXM . 

(A.32) 

and therefore find 


Ric„. = - ^’/^DiXpilktOy^ + klD‘’pi + 2D‘'kl + (k-'YD''kX) 

+ e-»''’(A^-‘)‘r/Xf(C„C“) - + k'(DX)(k-yc) 

- VX^'^ktOXl-,) + - iB„P 3 ) . 

(A.33) 

Next we find 

R%a =0 , 


Kaa =0 , (A.34) 

R%a =0 > 

where we used in the last equation that dca^ = V(|a;^Q,e^) A e". Therefore we find 


RR^a d • 


(A.35) 


Let us now compute the internal component RiCa;,. We hnd 


= - l^'^D.PsSab - ^^W{{k-^)tD,kt + {k-^DX) - \{D^Pz){D,p,)5a, 

+ - \{D^pMk-^)lD,k<^. + {k-y^D.k^) 

+ \{D,k:)gt{D^^e,) - l{k-y^{D,kl){D^kl){k-X 

- \ [k~^ ■ {D>^k) ■ k~^ • D^k](ab) , 

Kcb = - G~^^''^^{(^acdebef{k ■ t ■ k^Y'^i.k ■ t ■ k^)R + 2{k ■ tA ■ gz ■ t ■ k^f’^ 

-2\t\{k-t- k^t^^ + \5^^\t\Y - \{D^pz){{k-YlD,k: + {k-YlD,kl) (A.36) 
+ \{{k-YiD,k^, + {k-XD,kmk-YlD,kl + {k-YlD.kl) 


- 1{D^p,){D,pY5^^ , 


R 


a 

aa.b 


- \e-^^‘k^i,Uk ■ t ■ kP^OpXk ■ t ■ kX' + 2 e-'^'“/%k -tA-gi-t- F)“‘ 

- XXliX'YXK + XXDAt) + IDaP^S'^] . 
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where we defined g^ab = W = Qzah't^’^ and tA = \{t — t^)- Then we get 

Ricot = - + (k-XDAl) 

+ + \(DX)gt(D'‘k'i) - k{k-'rjD,K)(DV,)(k-')t 

- (D^p, + D>‘pt)[\({k-\D,kl + (k-')lD,k'i) + iC„psn 

- ■ t ■ AA{k ■ t ■ F)'' - 2\t\{k ■ t ■ kA"”) + 

- ■ t ■ AyAAk ■ t ■ Ay' + e^‘^A-i'‘k'it‘iH‘-’yjki 

- \e-^'>Ak-AAk-')tC!ATAP’“‘Tk . 

(A.37) 

Let us now compute the internal component RiCao,. We find 

K,. =0, 

Kbp. =0 , (A.38) 

=VVf(e^,e„) = 0, 

so that 

RiCaa = 0 . (A.39) 

Let us now compute the internal component Ric^/g. We find 

K,p = - iv'‘(c„p4)i„p + \-^‘‘A‘Pda‘S)p'jAaA)} 

- ^^d^p^d‘‘pA„p - {d^c'daIKp 


+ A»r‘Di‘AGip^,AAAi% - hA'A'-ATlfiiPiu^A) 


)} 




0:7 




PLp = - hDAAkD^ptS^p - a/^daWA'%) 

+ eP-^iAttWApyys^ky - - <=-'’'^Ay%AAAA) 

+ ke-^>’>IA‘PgA“‘CfTAPLT,'MPfAAlAp 
- '^A'APjCKTiiPt,J'AJ}V% . 


(A.40) 


ap^ p'y 

<,p =Ri4p - 1,DI‘p,D^pA^p + i£>'‘C"B„C?4p + A'“'"DA4DAiAAI‘) 


- e'»'=‘A^j“i‘<(/“)’>I>“(/C) + T“(e,)r“(ep) + e-P’P(k-AAyA:(ep) , 

where Ric^^ is the Ricci curvature of the SU{2) connection 6 . We can compute Ric^^ by 
taking the S'17(2)-covariant derivative of the torsion of the connection 6 [1] 

Ric^^ = |(dT“ + 0“ A T^){e„ es, . (A.41) 

From fl2.2Up we find that the component T" of the torsion torsion tensor of 6 is 


T“ =de“ + e^ A 


= - 7“ A (/“)«e^ + A:“ A r" + e^ A A); 


(A.42) 


24 




From this we find for the SU{2) Ricci curvature 




lp2p3/3„-p4/2 




I Abc/-al/-b^arpj ryK, ,L ( tc\') 

^ ^J^XaK^L >0 ■ 

Now we are able to determine RiCc/?. We find 

RiCa/3 = - \V^{D^pX)5a0 - \D^piD^pi5o,0 - \D^p^D^pi5ap 


(A.43) 


a\7 
07 V" )0 


1 abc/ 
2^ 


(A.44) 


From flA.Sip . flA.37p and flA.44p we can compute the Ricci scalar. R reads 


rii =r4 - 2V>^{Df,pi) - 2V^{D^p:i) 

- \{D^p,){D^p,) - kD,p,){D^P,) - 2D^p,D^p, 

- ■ (D^k) ■ k~^ ■ (D^fc)] - ltT[{Df,kk ■ (gk) ' (D^^k)] 

+ {DXf){DX"') - e^^^/k3abD[,G:^D^G’’^ (A.45) 

_ ^P^lX-PXzabm^h^j - \p2-’^P^I^gtQQTkP^^Tt^ 

_ 20 ~P 4 / 2 ^^^c^a 7 ^&^ci^^ayJ 


A.4 Ricci curvature in the Einstein frame 


In order to define the four-dimensional theory in the Einstein frame, we have to perform 
the Weyl rescaling (I3.29p . As the scalar fields only depend on four-dimensional spacetime, 
this mostly affects the Ricci curvature component Ric^^,, given in flA.3ip . It reads in the 
four-dimensional Einstein frame 


RiC/,^ =Ric^i. - |(F>^0)(F>^0) - \{D^p^){D^pXj + \g^yVDp(t) -F ^gp^V^Dpp^ 

- ^tr[/c"^ ■ {Dpk) ■ k~^ ■ {D^k)] - ^tY[{Dpkk ■ (g^) ' (D^k)] (A.46) 

+ {DpCfXDX^') - 2e^P^/k3abk^D[pGl^D[M’:,^ . 
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The only non-trivial off-diagonal component of the Ricci curvature is 
Ric^„ = - e-«'=(«:-‘)‘V"(e*+'’>j3fcC[.G'|) 

+ + kl(D^kf){k-y,) 

+ - kD,p,) , 

(A.47) 

which, as we discuss in Section 13.11 corresponds to the equation of motion for G“. For 
the other components of the Ricci curvature we hnd 

Ric,b = - + {k-y,D^kl) 

- ■ t ■ k^y^{k ■ t ■ k^Y^ - 2\t\{k ■ t • -t- 

- \e-^^^/\acd{k • t • k^Y^ebefik ■ t • -1- 

- \^-^^-l\k-Yl{k-YlQCjTl^^^ , (A.48) 

Ric„;3 = - 

I -(I)l2+P3l'i abc/-a/-b /-cK^arpj r 
2^ ^ 8/SjS bjl^j^Oap 

+ P=>7/W'‘(B„C?X(n)’ - ie^/^D^CfTijGlPiu^UX 


a\7 


+ P=>7GC'‘C/T„yG;C5C""A(^‘)? - P'»e-""S3«sC"*?(5^’K(/' JS 

I dbc/-b/-cjrpl ,a K ( jd\'y , I (j>/2—p3 —lab^arpl jDKrpL pM J ( Td\'y 

~ 2^ 8/8 J-ajbK^a')\^ ) ji 2^ 93 aK^L bM-^J 1/3 

Similarly, the eleven-dimensional Ricci scalar flA.dSp transforms to 

gpur 11 =gpu(rA + V^Dpcj) + IV^DpPs - \{Dpp^^YD^pYj - |( 11 ^ 0 )( 11 ^ 0 ) 

- YYiDpgY • {gY) ■ {D^gY ■ 93 


,-ii 


{DpQYD^C 


_ p0+P3 


g^abD^pGl.DPG^ 


ba 


+ le-'^-'^Ygsabk^^Y - e-^-P^g3ab93cdt^'^^h^^^^ 


— 3p-0-P3pafe 
4 


e - ^^gfeacdebeft’^'^t^^ - e-^^^>^^g 3 abm^% 


1 ^—(j>—p3 „ab/-a/-arpl pKLrpJ n —7;<l> ^abc/-a I /-b pc K ^arp 

~ 3 ^ 93SI^jraK^ ^bL~‘^^ ^ ^ 8 8j8 bGc 


J 

aK 


(A.49) 


B Form field computations 

B.l Field dualizations 

Here we now explicitly discuss the field dualizations for some of the components of the 
three-form field G 3 . The main reason for the dualization is exchanging the two-forms Ga 
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for scalars 7 “ and dualizing into a standard electric-magnetic duality frame of = 4 
gauged supergravity, as described in [S]. As we will see, this requires to exchange the 
gauge fields C°‘ for their magnetic duals, which we will denote by Ca- However, to perform 
the dualization in a consistent way, we also have to introduce further dual auxiliary fields: 
A magnetic vector field Cj and the two-forms Cq and C^. The magnetic vector field Ci will 
appear in the covariant derivative of 7 “, because Ca appears in the covariant derivative 
of Cj. The new two-forms will appear in the covariant derivative of Ca, since C°' appears 
in the covariant derivatives of the scalars Cai and Cq. 

We perform the field dualizations by showing that the set of Bianchi identities and 
equations of motions are the same, with Bianchi identities swapped for the equations of 
motion and vice versa. Therefore, let us start by deriving the Bianchi identities from 
dCi = 0. This gives for the field strengths Fa = DCa — eabcC^ ADG^^, Fj = DCiFCaiDG^ 
and = DC°^ + CqDG°^ the identities 

dPa + eabcP^G'^ A Frf + eabcF'^ A = 0 , 

dFi - FjFa - T^aiG^ AFj + leabcP^G^^ AFj- Dcai ADG^ = 0, (B.l) 

dF“ - P'^Fb - Dco A DG^ + F^bcdG^ A F^ - ebcdC'^G^ a = 0 . 

Furthermore, we vary the Lagrangian with respect to the fields Ga, C°‘ and Ci to deter¬ 
mine their equations of motion to be 

0 =d(e2^(73“'' * Fb) + F^ebcdG^ A * FJ 

+ e’^-^H^^gzbc *F^ + * Fj + Dcbi A Dc^j 

+ /oFG“ + (^70 + Caig^^Fj)F^ + {g^ + c^Fj + + t^^^^CbiW^Fj , 

0 =(d + ebadP^G<^A){e'^-P^g^ae * F-) - eabcP^G<^ A {e^-P^gsde * 

- eabcDG’^ A {G^gf * FJ + eabcP%e-^P^ * Fco) - heabcG^ A DG^ (B.2) 

- eabcFiH^-^e~'>’g^'^ * Dcjj + {go + Cbjg^'^t))F^ + g^'^Dcai A Fj , 

0 =d(e"^F/ * Fj) - T^jG'^ A {eP^Hf * F^) - leabcP^G'^ A {eP^Hf * FJ 

- T^jHfgfe-^ * DcbK - \eabcP^Higf^-^ * Dcjj 

+ {9 1 + Cot/ + F^^T^jCcJ + t^°'^Pbl)Fa + DCal A F“ -|- DCq a Fj . 

We now want to introduce dual fields with field strengths r“, and Fj in such a way 
that on-shell the duality relations 

r“ =e^'^gt * A , 

Fa=e^-P^g,ab*FP (B.3) 

Fj =eP^Hi * Fj , 

should hold. Similarly, we need to introduce two-forms Go and G/ that are related to the 
scalars co and Cai by similar duality relations. We also need to include seven-form flux 
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^flux gjygj^ ( 13 .lip on the internal space, which will play an important role as soon as 
we introduce potentials. 

From flB.2p we hnd the Bianchi identities 
0 =dr“ + A G"" + Dcbi A Dccj 

+ foDG^ + {go + + {g^ + cot? + + &^\biW^Fj , 

0 =dFa + ^bcd.t^'^G'^ d. Fa — ^abct^^G^ A F^ + Cabch^ A DG^ + ^abc^^^Fo 

(B.4) 

- eabctW'^Fj + {go + Cbig^H^j)F^ + g^'^Dcai A Fj - foeabcG'' A DG'' , 

0 =dFj - T^jG^ AFj- leabct'^^G^ A Fi - T;^iF] - \eabct^'^Ff 

+ {9i + Cot? + + &^^Cbi)Fa + Dcai A F“ + Dco A Fj . 


Here Fq and Fj denote the held strengths of the two-forms Go and Gf, respectively. The 
Bianchi identities are solved in terms of potentials 7 “, Ga and Gj as well as Gq and Gf 
by 

Fo =dCo + eabcG^G^ A Go- eabd^G’^ AC'}- \tW^Cj A ^ A Fj 

- l/oCabcG"^ AG^AGG 

F? =d(7? - A C) - hbcdG'^G'^ AC)- ACb-C^ AFj-e'^^^CbiFa , 

(B.5) 

Fa =DCa - Caig^-^Fj - eabcl^DG<^ + \caig^-^CbjDG^ , 

F] =DCj — CqFj — CalF°‘ + CoCalDG°' , 
r“ =^ 7 “ + le'^^'^g^^CbiDcaj , 
where we dehned the covariant derivatives 
DCa =dCa - eabct^^Co " eabctW^C} - goCa - a Cj 

+ ebcdt^'^G'^ ACa- eabcf^^C^ ACd + \foeabcG^ A G^ , 

DC I =dCi + T^aiC} + leabcG'^C'} - g}Ca + \t}eabcC^ AC^- g}eabcG^ A C^ 

(B. 6 ) 

+ T/.G'^ A G-j + leabcG^C^ ACj- ACj- leabcG^C^ A Cj , 

D7“ =d7“ - {foS} + e^ebcd{G + - F^Cb - - goC^ 

- gW-'Gj + Cbig^\t^]C^^ - g^jG^^) + ^e^^^CbiV^^^jCK + . 


By dualizing the Bianchi identities flB.ip for Ca and G*® we hnd the equations of motion 
for Ca and 7 “. They read 


0 =d{e-^^g3ab * r'’) + eabcG‘^G’’ A {e-^^g^de * A * F,) , 

0 =d{G'^-<^gf * Fb) - G^{e-‘^^g^bc * B^) + F^ebcdG^ A {G^-<^g^G * ^e) 

- ebcdF'^G^ A ^ 
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(B.7) 









Now we are in the position to give the dual Lagrangian. 


^dual = -4^ J {eP^-^gt{DCa- DCk - eacdl^DG^ - \CalV^^C,KDG-) 

A *{DC, - c^jV^^DGl - ebef-f^DG^ - ^cuV^^CeLDG^) 

- e-^^gsab{Dr + A Dcfj) 

- 2coDCa A DG^ + goi^DG^ - &C,) A (7„ 

+ 2DG^ A eabcit^^Co + tW'C^j) - tW^^^DCj - g)Cb) A 4 
+ eabctW-'C^ A C, A DGj + tW^GbcC^^ A C' A DGj 


+ 2eabctW^Cj AG’^A DG^ + \hedeft^fe^bcG^ AG^AG^A C"") . 

(B. 8 ) 

The hrst two terms are the new kinetic terms that replace the ones of Ga and C"^. The 
next term is a topological term to complete the equations of motion of flB.711 . The 
remaining topological terms ensure that variation with respect to the auxiliary fields 
gives the duality relations fIB.Sp as well a,"^ 


Fa =e-^‘^g3ab * , 

Fo =e-‘^P^ * Dco , (B.9) 

F; =e-^Hfgf * Dcbj . 


Note that 7 “ cannot have a potential term since it inherits the shift symmetry from its 
dual tensor Ca- 


B.2 Energy-Momentum tensor 

In this appendix we want to compute the eleven-dimensional energy-momentum tensor 

Tab = ^{G AC deG — \gABGcDEFG^^^^) , (B.IO) 

that appears in the Einstein held equations flS.Sp . For this, we use the form fl3.33p 
and the held dualizations that have been discussed in more detail in Section 13.31 and in 
Appendix IB. II 

First of all note that the components T^a and Taa both are identical zero, due to 
the absence of SU{2) doublet degrees of freedom in our ansatz. This hts nicely together 
with flA.351) and flA.39p . For the remaining components, let us hrst compute Tab = 

"^Note that these equations only arise if the corresponding charges are non-vanishing. If the charges 
are vanishing, the duality equation does not arise, but also the auxiliary held does not appear in the 
Lagrangian any more. 
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■^GacdeGb^^^■ Inserting fl3.33p and keeping in mind the Weyl rescaling fl3.29p we find 

+ {go + Caig^-^t'})co + {g] + 

- + \e^^^c,Kg^^D,CfL) 

+ + \e^^c,ig^^DpC,j){DP^^ + DPcfL) 

+ \e~‘^f’^D^coDtyCo - gfD^,CaiDyCbj , 

(B.ll) 

T^a =|e + {go + Ceig^^Fj)co + {g^ + + ^t^‘'^^CfK)v^^CeL) 

+ + cot^ + e'^GT^%K + , 

(B.12) 

Tab =\e-^^^^/^goac{D,^‘^ + DgCfj)gobd{D^l'^ + 

+ le^-^pF3DgCoD>^Co6ab + D^CaiD^cu (B.13) 

+ le-'^-‘^P^/^H^-^{6abSad - SacSbdM + Cofj + F^%^jCfK + Cal) 

{g) + Cot) + e^^^T^jCnL + t^^^^Cgj) , 

fag + Caig^H-)-^ + \goabe-^-^^^/\H^^5ag - 2eP^/V^^Pi^uj^^{I%) 

{gi + Cotj + e°‘^'^T^CdK + Chl){g^j + Cotj + f’^^TajCfL + f’^^'^Cej) 

+ ^^e^^/^gf{H^'^6ag - 2ePT^C^^P^^uj^^{I%)DgCaiD^c,j 
+ _ 2e^^/2C“(^P?<^(r)^)FrFj^, . 

(B.14) 

Here we nsed fl3.39p to replace F, the scalar-tensor dnality relation fl3.47p to replace the 
tensor fields Ga by their dnal scalars 7“ and the electro-magnetic dnality relation (I3.46p 
to replace the magnetic vector fields C“ by their electric connterparts Ga- 


C = 4 gauged supergravity 

We review here the basic notation of ganged V = 4 snpergravity in the embedding tensor 
formalism um- The theory consists of n -|- 6 electric and same nnmber of magnetic 
vector fields where a = +,— denotes electric and magnetic components and M = 

1,... ,n -|- 6 labels the vector mnltiplet index. Here n denotes the nnmber of vector 
mnltiplets of the theory. The magnetic vectors have no kinetic term and are therefore 
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auxiliary fields in the theory. The scalar split into one complex scalar r = Ti + i r 2 in the 
gravity multiplet that specihes the Sl{2)/SO{2) coset matrix 



(C.l) 


The vector multiplet scalar helds combine into an S'0(6, n )/(S'0(6) x SO{n)) coset matrix 
Mmn- The flat metric dehning SO{6, n) is denoted by rjMN- To complete the bosonic held 
content, there are also auxiliary two-form gauge helds and 5"^ = 


The non-trivial data of iV = 4 gauged supergravity are its charges, which are deter¬ 
mined by and faMNP = fa[MNP]- Then the following combinations of charges occur 
regularly 


QaMNP —faMNP — ^a[NVP]M , 
faMNP = faMNP “ ^a[MVP]N “ ^CaNVMP ■ 


(C.2) 


The scalar covariant derivatives are then given by 


DM^p =dM„^ + - ipMe^esiaMp),V^^ , 

DMmN =dMMN + ‘^V^°‘'S)aP{M^M n)Q ■ 

The held strengths of the vector helds are given by 

= df/^" - y^NP^V^^ A , (C.4) 

with = 1. The kinetic terms are then given by 


^kin = ^ / ((*1)^ - \DMmn a *DM^^ - \DM^p A 

- 2 lm{T)MMNDV^^ A -h Re{T)i]MNDV^^ A 

and the topological terms are given by 

^top = yj [i+MVNpV^- A A dl"^+ 

- if-MNP + ‘^^-nVmp)V^~ a a dV^^“ 

- ifaMNRhpQ^V^'^ A A A 

+ -^Q+MNpQ-^ qrB^^ a B^^ 

- lie.MNpB^^ + A (dl""^- - a 

The scalar potential of the theory is given by 


(C.5) 


(C.6) 


+ _ ^MQ^^NR^PS^ (C.7) 

- IfaMNpfpQRSe'^^M^^^^^^ + ‘i^^^M^^MMN) , 
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where we defined the totally antisymmetric tensor 


MmNPQRS - e ) 


(C.8) 


from the 50(6, n) vielbein . Finally, the embedding tensor components obey a nnmber 
of qnadratic constraints that are necessary in order to ensnre locality of the snpergravity. 
These constraints are given by 

= 0 , 

i{afp)PMN = 0 , 
3/aiJ[MAr//3PQ]'^ + ‘^i{a[Mfp)NPQ\ = 0 , 

[iafpPMN + = 0 , 


a/3 


faMNRffSPQ^ — ^afl3R[M[PVQ]N] “ ^a[Mfl3\N][PQ] + ^a[pf/3\Q][MN] ) “ 0 • 


-R 


(C.9) 
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